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Molecular simulation of shocked materials using the reactive Monte Carlo method

John K. Brennan and Betsy M. Rice
Weapons and Materials Research Directorate, U.S. Army Research Laboratory, Aberdeen Proving Ground, Maryland 21005-5

~Received 8 April 2002; published 14 August 2002!

We demonstrate the applicability of the reactive Monte Carlo~RxMC! simulation method@J. K. Johnson, A.
Z. Panagiotopoulos, and K. E. Gubbins, Mol. Phys.81, 717~1994!; W. R. Smith and B. Trˇı́ska, J. Chem. Phys.
100, 3019 ~1994!# for calculating the shock Hugoniot properties of a material. The method does not require
interaction potentials that simulate bond breaking or bond formation; it requires only the intermolecular
potentials and the ideal-gas partition functions for the reactive species that are present. By performing Monte
Carlo sampling of forward and reverse reaction steps, the RxMC method provides information on the chemical
equilibria states of the shocked material, including the density of the reactive mixture and the mole fractions of
the reactive species. We illustrate the methodology for two simple systems~shocked liquid NO and shocked
liquid N2!, where we find excellent agreement with experimental measurements. The results show that the
RxMC methodology provides an important simulation tool capable of testing models used in current detonation
theory predictions. Further applications and extensions of the reactive Monte Carlo method are discussed.

DOI: 10.1103/PhysRevE.66.021105 PACS number~s!: 82.60.2s, 82.40.Fp, 02.70.Tt, 47.40.2x
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I. INTRODUCTION

The behavior of materials under conditions of extre
temperature and pressure is of critical importance in m
fields of physics and fluid science@1–3#. The properties of
materials at these conditions can be measured through s
experiments, which are capable of producing pressures u
several hundred gigapascal and temperatures excee
10 000 K. Moreover, determining the shock properties of
ergetic materials is a crucial task in the field of detonat
science@4#.

Experimental measurements of the properties of shoc
materials are often difficult because instrumentation mus
capable of spanning a wide range of pressures~1–300 GPa!
and temperatures~500–15 000 K!. Additionally, energy re-
leases that might accompany a material under shock co
tions, as well as the time and length scales over which
event occurs, have thwarted extensive experimental stu
of many fundamental substances. As a further complicat
recent theoretical predictions suggest that the detona
products of some systems supercritical phase separate
nificantly altering the shock properties~see, e.g., Refs
@5–7#!. Unfortunately, current experimental techniques
not capable of delineating the phase separation of mate
under shock conditions, thus this behavior has not yet b
verified.

Such laboratory challenges have necessitated the dev
ment of theoretical predictive capabilities to complement
experimental analyses. To date, the most reliable theore
treatments for predicting shock properties apply statist
mechanical approaches such as variational perturba
theory~e.g., Ref.@8#! or integral equation theory~e.g., Refs.
@9–11#!. These approaches predict the shock properties
minimizing the Gibbs free energy and by requiring that t
total number of elements constituting the chemically react
species is conserved. Thermochemical software, such a
CHEMICAL EQUILIBRIUM ~CHEQ! code@12# andCHEETAH @13#
are capable of performing such calculations. However, th
approaches require accurate equations of state~EOS! for the
1063-651X/2002/66~2!/021105~11!/$20.00 66 0211
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reactive mixture, thus limiting the prediction of the sho
properties of materials to those for which equations of st
are available. The calculations also require heats of form
tion and densities of the unshocked material. These qua
ties are often unknown for notional or novel energetic ma
rials, as well as for materials in highly nonide
environments~e.g., energetic materials packed in polym
matrices or confined in carbon nanotubes!. Furthermore, ap-
proximations often must be made within the theoretical m
els to keep the calculations tractable, for example, to deve
an analytical representation of the fluid equation of state@11#
or in applying the van der Waals one-fluid approximati
@12,13#. These types of approximations can add uncertai
to the predictive capabilities of the methods.

A powerful simulation method available for studying th
shock properties of materials while providing insight in
atomic-level phenomena is the molecular dynamics met
~MD! @14–31#. The method can be used irrespective of ra
limitations, the production of huge energy releases, extre
thermodynamic conditions, or other regimes that are pr
ently inaccessible by experimental methods. MD evaluat
of the Hugoniot states of a material can be accomplished
calculating properties behind the shock discontinuity in
shockwave simulation@30# or by generating an equation o
state for subsequent evaluation of the Hugoniot conserva
relations@24,27#. Recently, an equilibrium molecular dynam
ics method has been introduced, termed uniaxial Hugonio
@29#, which utilizes equations of motion that constrain t
system during the MD simulation such that the tim
averaged properties correspond to those on the shock H
niot curve. For evaluating the shock Hugoniot of a mater
the uniaxial Hugoniostat technique is more efficient than
method of generating an EOS using standard molecular
namics for subsequent evaluation of the conservation eq
tions @24,27#. A significant drawback of all MD approache
however, is that they require an accurate model of the in
action potential experienced between all species in
shocked and unshocked states. If the relative species con
trations of the products in the shocked state of interest
05-1
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not known, then the molecular dynamics approach requ
an interaction potential that simulates bond breaking
bond formation in order to establish the chemical equil
rium of the final shocked state. Although significant a
vances have been made in developing potentials that re
duce the characteristics of a detonation, the potentials
still highly idealized representations of the energetic mole
lar system@14–23,25–28#. However, if the relative specie
concentrations are known at the conditions of the shoc
state, then generating the shock Hugoniot curve using ei
the conventional or the uniaxial Hugoniostat MD meth
only requires appropriate potentials that describe nonreac
interactions among all species present.

One of the several alternative methods for calculat
chemically reactive systems~see Ref.@37# for a comprehen-
sive review! which is appropriate for determining the sho
properties of materials is the reactive Monte Carlo~RxMC!
method@32,33#. The RxMC method circumvents some of th
problems associated with conventional and uniaxial Hu
niostat MD methods. The RxMC method requires neithea
priori knowledge of the relative concentrations of the spec
in the shocked state nor a potential that describes b
breaking or bond formation. The method only requires:~a!
functions that accurately describe nonreactive interacti
between all possible species in the equilibrium mixture of
final shocked state~i.e., intermolecular potentials!; and ~b!
ideal-gas partition functions for all species in the mixtu
For a given intermolecular potential model, the method w
provide information on the chemical equilibrium state, su
as the density of the reactive mixture, the mole fractions
reactive species, the change in the total number of mo
and the internal energy. The intermolecular model can c
tain various levels of detail including multisite molecul
and electrostatic contributions. Numerous reactions can
simulated simultaneously in multiple phase systems by p
forming Monte Carlo sampling of forward and reverse re
tion steps. Using the reactive Monte Carlo method, the
pendence of the chemical equilibria on system conditi
such as temperature, pressure, and the surrounding env
ment ~e.g., a condensed phase or highly nonideal envir
ment! can be studied.

In this work we demonstrate the applicability of the rea
tive Monte Carlo method for calculating the shock Hugon
properties of materials. We illustrate the method for two s
tems that have been studied extensively by both experim
tal and theoretical techniques. We consider shocked liq
NO, which is~nearly! an irreversible decomposition reactio
that generates a mixture of homonuclear products~N2 and
O2!. We also consider shocked liquid N2 , which dissociates
into atomic nitrogen~N! within a particular thermodynamic
regime.

The outline of the paper is as follows. The reactive Mon
Carlo methodology applied to the simulation of the sho
properties of materials is described in Sec. II. Simulat
details and models can be found in Sec. III, and applica
of the method to shocked liquid N2 and shocked liquid NO is
presented in Sec. IV. Finally, discussion of the results a
possible extensions of the method are given in Sec. V.
02110
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II. METHODOLOGY

A. Reactive Monte Carlo method

The RxMC method@32,33# is designed to minimize the
Gibbs free energy, thus determining the true chemical eq
librium state irrespective of rate limitations. The RxM
method requires intermolecular potentials for the molecu
species that are present in the reactive mixture, and o
uses spherically averaged potentials such as Lennard-J
or exponential-6 models@34#. The RxMC method also re
quires inputting the ideal-gas internal modes~vibration, ro-
tation, electronic! for each reactive species. These contrib
tions can be included by calculating internal partitio
functions from molecular energy-level data@32# or by using
tabulated thermochemical data@33#. Regardless of the ap
proach taken, the required information is readily available
standard sources@34–36# or can be generated using quantu
mechanical calculations. Finally, the particular reactions
curring in the system must be specified. Provided that a
ficient set of independent reactions are specified, this requ
ment is not a considerably limiting factor since insignifica
reactions are easily discernable by negligible product c
centrations.

Implementation of the RxMC method provides inform
tion on the chemical equilibrium state, such as the density
the reactive mixture, mole fractions of reactive species,
change in the total number of moles, and the internal ene
The RxMC method can be performed in many different typ
of ensembles, including canonical, isothermal isoba
Gibbs@37#, and other less common ensembles@38#. Further-
more, the RxMC method can be performed for multiple
actions and multiple phases@32,33,37,39–43,45#. The
RxMC method does not simulate bond breaking or bond f
mation; these relatively rare events in the standard Metro
lis Monte Carlo method@46# would result in considerable
statistical uncertainty. Rather, the RxMC method direc
samples forward and reverse reaction steps as Monte C
type moves according to the stoichiometry of the reactio
being sampled.

The isothermal-isobaric version of the RxMC meth
containingJ number of reactions involves the following tria
moves:~1! a change in the position or orientation of a mo
ecule, chosen at random;~2! a forward step for randomly
chosen reactionj, in which reactant molecules are chosen
random and changed to product molecules;~3! a reverse step
for randomly chosen reactionj, in which product molecules
are chosen at random and changed to reactant molecules
~4! a random change in the simulation box volume.

Step ~1! ensures that thermal equilibrium is establish
for the user-specified temperature, steps~2! and ~3! ensure
that chemical equilibrium is established, while step~4! satis-
fies the requirement of mechanical equilibrium for the us
specified pressure. Note that the transition probabilities
steps~2! and ~3! do not require specifying the values of th
chemical potentials or chemical potential differences for a
of the mixture components.

The acceptance probability of statek going to statel for a
particle displacement or orientation step is given by
5-2
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MOLECULAR SIMULATION OF SHOCKED MATERIALS . . . PHYSICAL REVIEW E 66, 021105 ~2002!
Pkl
dis5min$1,exp~2bDUkl!%, ~1!

where DUkl5Ul2Uk is the change in the configuration
energy andb51/kBT; kB is the Boltzmann constant andT is
the temperature.

The acceptance probability for a reaction step is given

Pj ,kl
rxn5minH 1,)

i 51

cj Ni !

~Ni1n j i j j !!
S qint,iV

L i
3 D n j i j j

3exp~2bDUkl!J , ~2!

wherecj is the total number of species in reactionj; Ni is the
total number of molecules of speciesi; n j i is the stoichio-
metric coefficient of speciesi in reactionj; j j is the molecu-
lar extent of reaction for reactionj; qint,i is the quantum
partition function for the internal modes of an isolated m
ecule of speciesi, which includes vibrational, rotational, an
electronic modes;L i is the thermal de Broglie wavelength o
speciesi; andV is the total volume of the system. Equatio
~2! is appropriate for both forward and reverse reaction st
~j j51 for a forward step andj j521 for a reverse step!,
where the stoichiometric coefficients are taken to be posi
for product species and negative for reactant species.~For
example, consider the reactionA�2B. For the reaction as
written, the stoichiometric coefficients for speciesA and B
arenA521 andnB512 while j511. Then for the reverse
reaction step,nA andnB again are21 and12, respectively,
but nowj521.!

Finally, a random change in the simulation box volume
accepted with the probability

Pkl
vol5minH 1,expS 2bDUkl2bPimp~Vl2Vk!1N ln

Vl

Vk
D J ,

~3!

wherePimp is the user specified orimposedpressure. Deri-
vations of these transition probabilities along with furth
details of the methodology can be found in the original p
pers@32,33,37#.

B. Calculation of shock Hugoniot properties

The thermodynamic quantities of a material in the init
unshocked state and the final shocked state are related b
conservation equations of mass, momentum, and en
across the shock front as@4#

mass, roD5r~D2u!, ~4!

momentum, P2Po5rouD, ~5!

energy, E2Eo5 1
2 ~P1Po!~Vo2V!. ~6!

In Eqs. ~4!–~6!, E is the specific internal energy,P is the
pressure,r is the specific density,V51/r is the specific vol-
ume, D is the velocity of the shock wave propagatin
through the material, andu is the mass velocity of the prod
ucts behind the shock wave. The termspecificrefers to the
02110
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quantity per unit mass, while the subscript ‘‘o’’ refers to the
quantity in the initial unshocked state.

The shock wave velocityD can be calculated by solving
Eqs. ~4! and ~5! for the mass velocityu and equating these
expressions. The resulting expression, termed the Rayl
line, can be written as

R5ro
2D22~P2Po!~Vo2V!50. ~7!

The so-calledHugoniot function satisfies Eq.~6! as

Hg~T,V!505E2Eo2 1
2 ~P1Po!~Vo2V!. ~8!

Note that the quantitiesE and V are extensive quantities in
Eqs. ~6!–~8! and thus dependent on the relative amounts
the reactive species. The extensive quantities used in
work were formulated on a specific basis~per gram!, alter-
natively these quantities can be formulated on a total sys
basis~total number of moles!. The relative amounts of the
reactive species along with the quantitiesE, P, and V are
calculated explicitly during the RxMC simulation. The inte
nal energy is calculated during the RxMC simulation bas
upon the following derivation. The thermodynamic definitio
of the internal energy is given as

E[H2PV, ~9!

whereH is the specific enthalpy that can be written as a s
of the ideal gas (H0) and excess enthalpies (He),

H5H01He. ~10!

The ideal gas and excess enthalpies can be written a

H05(
i 51

cj

yiHi
0 ~11!

and

He5Uconf1PV2RT, ~12!

so that

H5(
i 51

cj

yiHi
01Uconf1PV2RT. ~13!

Uconf is the total configurational energy calculated during t
simulation from the species-species interactions;yi is the
mole fraction of speciesi; cj is the total number of species
Hi

0 is the specific ideal-gas enthalpy of pure speciesi, which
can be determined solely from tabulated thermochem
data at the appropriate temperatureT @36,47,48# or with tabu-
lated thermochemical data supplemented with computed
ues where data are lacking~see, e.g., Refs.@49#, @50#!; andR
is the universal gas constant. Then, substituting Eq.~13! into
Eq. ~9!,

E5(
i 51

cj

yiHi
01Uconf2RT, ~14!
5-3
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JOHN K. BRENNAN AND BETSY M. RICE PHYSICAL REVIEW E66, 021105 ~2002!
which is the specific internal energy expression needed
Eq. ~8!.

The search algorithm for locating a point on the Hugon
curve used in this study is as follows.

~i! For a user-specified pressureP a few RxMC-NPT
simulations were performed at temperatures believed to
nearHg(T,V)50.

~ii ! A functional form for theHg vs T plot is determined,
e.g., fitted to a quadratic polynomial, and the temperat
(THg

) that satisfies Eq.~8! at Hg50 is interpolated.
~iii ! Similarly, functional forms for the other desired qua

tities ~V,E,D! were determined and interpolated atTHg
.

Depending on the initial guess ofTHg
, additional RxMC

simulations may be required to achieve the desired accur
Typically, four to six RxMC simulations are needed to det
mine a single point on the Hugoniot curve, where best res
are obtained when chosen values ofT include bothHg.0
andHg,0. Steps~i! through~iii ! are then repeated to trac
out the entire Hugoniot curve.

III. SIMULATION MODEL AND DETAILS

A. Intermolecular potential models

The species particles interact through the exponenti
potential, which can be expressed as

Uexp-6~r !

5H `, r ,r core

«

126/a H 6

a
expS aF12

r

r m
G D2S r m

r D 6J , r>r core,

~15!

where« is the depth of the attractive well between particle
r m is the radial distance at which the potential is a minimu
while a controls the steepness of the repulsive interacti
The cutoff distancer core is included to avoid the unphysica
singularity in the potential function asr→0. The potential
parameters for the species considered in this work are g
in Table I ~first two entries: N2 dissociation reaction; las
three entries: NO decomposition reaction!. A spherical cutoff
for the particle-particle interactions was applied at 4.5r m,NO
for the NO decomposition reaction without applying any c
rection for this truncation, while a spherical cutoff o
2.5r m,N2

was applied for the N2 dissociation reaction with
long range corrections added to account for interactions
yond this distance@51#. Electrostatic contributions were ig

TABLE I. Exponential-6 potential parameters.

Species r core ~Å! r m ~Å! «/kB ~K! a Source

N2 1.13 4.2005 101.10 12.684 Ref.@11#

N 0.98 2.5688 88.181 11.013 Ref.@11#

NO 1.00 3.995 117.1 12.08 Ref.@61#

N2 0.98 4.251 75.0 13.474 Ref.@61#

O2 0.96 4.110 75.0 13.117 Ref.@61#
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nored between species. The unlike interactions between
cies i and j were approximated by the Lorentz-Berthel
mixing rules@34# for « i j , a i j , andr m,i j ,

« i j 5~« i« j !
1/2, a i j 5~a ia j !

1/2,

r m,i j 5~r m,i1r m, j !/2,

while r core,i j 5~r core,i1r core,j !/2. ~16!

The vibrational and rotational contributions to the ide
gas partition functions used in simulating the NO decom
sition reaction were calculated using a standard source@35#
and supplemented with electronic level constants@36,52#.
The vibrational and rotational contributions to the ideal-g
partition function of N2 used in simulating the N2 dissocia-
tion reaction were likewise calculated using a stand
source@35# and supplemented with electronic level consta
that included the ground state and six excited electro
states@47#. For N, the electronic energy levels were tak
from Moore and Gallagher@48#. The corresponding thermo
chemical reference data were used in calculating the id
gas enthalpies (Hi

0) required in Eq.~11! @36,47,48#.

B. Simulation details

Constant-pressure RxMC simulations of shocked N2 and
shocked NO were initiated from 3375 particles of N2 and
NO, respectively, placed on a face-centered-cubic lat
structure. The standard periodic boundary conditions
minimum image convention were used@53#. Simulations
were performed in steps, where a step~chosen with equal
probability! was either a particle displacement, forward rea
tion, step, or reverse reaction step. A change in the sim
tion cell volume was attempted every 2500 steps. Simu
tions were equilibrated for 0.33107 steps after which
averages of the quantities were taken over 2.03107 steps.
Uncertainties were estimated using the method of block
erages by dividing the production run into ten equal bloc
@51#. Reported uncertainties are one standard deviation of
block averages. The maximum displacement and volu
change were adjusted to achieve an acceptance fractio
approximately 0.33 and 0.5, respectively. Depending on
system conditions, the acceptance fraction of the reac
steps ranged from 0.075–0.375. Calculated quantities w
reduced by the exponential-6 potential energy~«! and size
(r m) parameters~N2 dissociation reaction, N2 parameters;
NO decomposition reaction, NO parameters!.

IV. APPLICATION

A. Shock Hugoniot states of liquid N2

We consider shocked N2 in the pressure range 3–90 GP
for which reliable experimental data are available@54,55#. At
pressures between approximately 30–100 GPa, the NwN
triple bond is destabilized and molecular nitrogen dissocia
into atomic nitrogen@56,57#. At higher pressures, theory sug
gests that nitrogen can exist as a metastable polymeric p
of N atom clusters that are covalently bonded@58–62#, be-
fore losing this covalency at still higher pressures. In t
5-4
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present work, we consider only the regime where molecu
nitrogen is believed to dissociate into atomic nitroge
N2�2 N. Analogous to the work of Fried and Howard@11#,
we consider two models for this reaction, areactivemodel
that includes the dissociation reaction, and anonreactive
model that does not.

We determined the shock Hugoniot properties of liqu
N2 using the calculated initial states given in Table II. T
values given in Table II were determined by performing
canonical ensemble~constant-NVT! Monte Carlo simulation
of N53375 N2 molecules atT577.0 K and at a specific
volume of V51.238 cm3/g. A comparison of the pressur
and internal energy determined from this NVT simulation
with experiment is given in Table II. The shock Hugoni
properties were determined by carrying out the prescrip
outlined in Sec. II B. The raw data determined from a ser
of constant-pressure RxMC simulations at several differ
temperatures are given in the Appendix~Table V!. Also re-
ported in Table V are the values of the Hugoniot express
@Eq. ~8!# using the predicted thermodynamic data. Quadra
polynomials were used in the fitting procedure of steps~ii !
and~iii ! ~see Sec. II B! with the exception of the shock wav
velocity ~D! where a linear equation was used. A comparis
of the shock properties along the principal Hugoniot cal

TABLE II. Initial fluid states used to evaluate Eq.~8!.

Liquid N2 Liquid NO
Thermodynamic

property
Experiment

@55# NVT-MC
Experiment

@61# NVT-M

Temperature,T ~K! 77.0
60.5

77.0 122.6
12.3/21.1

122.6

Density,r ~g/cm3! 0.808
60.003

0.808 1.263
10.06/20.11

1.265

Pressure,P ~MPa! 50.49
60.02

490.5
60.1

Energy,E ~kJ/g! 20.441
60.004

2.650
60.01

2.60
60.01
02110
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lated from the RxMC simulations and the available expe
mental data is given in Table III. In Table III, the uncertai
ties for the shock Hugoniot properties measured
experiment are given in parentheses, while the uncertain
in the RxMC calculations can be estimated from t
R-square value of the functional fit of data given in the A
pendix. TypicalR-square values for the predicted tempe
tures and specific volumes are 0.97–0.99. Plots of the sh
Hugoniot pressure versus the specific volume and the sh
wave velocity are given in Figs. 1 and 2, respectively,
both the reactive and nonreactive models.

We found excellent agreement between the RxMC cal
lations using the reactive model and the experimental m
surements for most of the pressures considered. As the p
sure is increased along the Hugoniot, the system becom
partially dissociated fluid containing a mixture of N2 mol-
ecules and N atoms. This behavior is reflected in the spe
mole fractions plot of Fig. 3. Values of the mole fraction
shown in Fig. 3 were determined by interpolating the d
reported in Table V toTHg

using a quadratic function. It is
evident from Fig. 1 that the nonreactive model fails at hi
pressures where the dissociation is not negligible@11#.

The experimental data appear to exhibit a softening of
Hugoniot curve near 55 GPa while the RxMC simulations
not predict this behavior. Experimental errors are increas
in this region, therefore whether the discrepancy is due
experimental uncertainty or an inaccurate model cannot
conclusively established@11#. Interestingly, however, recen
density-functional theory~DFT! calculation@31# predict the
softening behavior. Pair correlation calculations in the wo
of Kresset al. @31# indicate that the system contains a sm
fraction of clusters larger than dimers in the partially diss
ciated region, however, these larger clusters are not l
lived. The dissociated system may contain Nn molecules
bound by single (N—N) or single and double (NvN)
bonds. Although refining the N2 model is beyond the scop
of the present work, such products and their accompany
reactions could be included into the RxMC simulation sc
nario, e.g., NwN�NvN or NwN�N—N, which may
ta
TABLE III. Shock Hugoniot states of liquid nitrogen. RxMC results are for thereactivemodel discussed in the text. Experimental da
are taken from Nelliset al. @55#, except for those noted.Uncertainties in experimental data~where available! are given in parentheses.

P ~GPa! v (cm3/mole N2) T ~K! D ~km/s!
Experiment RxMCa Experiment RxMC Experiment RxMC Experiment RxMC

2.96b 2.96 21.7 21.36 536.2 3.14 3.087
4.74b 4.74 20.1 19.82 883.9 3.74 3.703
10.1b 10.0 17.3 17.41 2008.4 5.00 4.993

18.1 ~0.5! 18.1 15.34~0.5! 15.57 4300~200! 3912.4 6.34 6.384
29.9 ~0.5! 29.9 14.26~0.5! 14.05 7300~250! 6778.1 7.93 7.895
36.0 ~0.4! 36.0 13.41~0.4! 13.35 8750~300! 7963.0 8.52 8.519
47.0 ~0.5! 47.0 11.83~0.5! 12.20 8900~600! 9557.7 9.40 9.483
52.6 ~0.5! 52.6 11.13~0.5! 11.66 11 100~800! 10 185.4 9.79 9.914
60.4 ~0.7! 60.4 10.31~0.7! 10.97 12 000~850! 10 935.2 10.31 10.465
81.1 ~1.5! 81.1 9.40~1.5! 9.366 14 500~1000! 12 588.9 11.73 11.724

aPressure imposed in the constant-pressure version of the RxMC method.
bTaken from Zubarev and Telegin@54#.
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make RxMC calculations more compatible with the expe
mental measurements.

As a matter of curiosity, a point along the Hugoniot cur
at P591.5 GPa was calculated. Although experimental d
are not presently available at this pressure, the recent
calculations of Kress and co-workers@31# predict consider-
ably different behavior in this pressure regime. The mo
used in the present work predicts softening behav
(v58.68 cm3/mole N2), as does the work of Fried
and Howard @11#, while the DFT calculations appear t
be approaching a maximum compression in this reg
(v59.34 cm3/mole N2 at P591.5 GPa@31#!. According to
our calculations, such a system would contain a nea

FIG. 1. The shock Hugoniot of liquid N2 . The values calculated
from the RxMC simulations using a reactive~s! and a nonreactive
~h! model are compared with the experimental data~m! @54,55#.
The shock pressure is plotted vs the molar volume of N2 .

FIG. 2. The shock Hugoniot of liquid N2 . The values calculated
from the RxMC simulations@reactive model~s!, nonreactive
model ~h!# are compared with the experimental data~m! @54,55#.
The shock pressure is plotted vs the shock wave velocity.
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equimolar mixture of N2 molecules and dissociated N atom
~see Fig. 3!.

B. Shock Hugoniot states of liquid NO

Next, we consider the decomposition of nitric oxid
2NO�N21O2. This reaction generates a mixture of hom
nuclear products that are miscible with each other and~as-
sumed to be! with residual NO. The concentrations of oth
products such as NO2 are considered to be negligible as a
the accompanying reactions, e.g.,1

2 N21O2�NO2.
We determined the shock Hugoniot properties of liqu

NO using the calculated initial conditions given in Table
An NVT Monte Carlo simulation was performed forN
53375 NO molecules atT5122.6 K and at a specific vol
ume ofV50.7905 cm3/g. The calculated pressure and inte
nal energy from this simulation are compared with the e
perimental measurements in Table II. The shock Hugon
properties were again determined by the prescription o
lined in Sec. II B. The raw simulation data and the calcula
quantities determined from a series of constant-press
RxMC simulations at several different temperatures
given in the Appendix~Table VI!. Quadratic polynomials
were used in the fitting procedure~see Sec. II B! with the
exception of the shock wave velocity~D! where a linear
equation was used. A comparison of the shock proper
along the principal Hugoniot calculated from the RxM
simulations and the experimental data of Schott, Shaw,
Johnson@63# is given in Table IV. In Table IV, an estimate o
the uncertainties in the RxMC calculations of the sho
Hugoniot properties can be determined from theR-square
value of the functional fit of data given in Appendix B. Typ
cal R-square values for the predicted temperatures and
cific volumes are 0.97–0.99. Plots of the shock Hugon
pressure versus the specific volume and the shock wave
locity are given in Figs. 4 and 5, respectively. Again, exc
lent agreement between the RxMC calculations and the

FIG. 3. Species mole fractions@N2 ~l!, N ~n!# along the Hugo-
niot curve, determined from the RxMC simulations of the N2 dis-
sociation reaction.
5-6
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TABLE IV. Shock Hugoniot states of liquid nitric oxide. Experimental data are taken from Schott, Shaw, and Johnson@63#.

P ~GPa! V ~cm3/g! T ~K! D ~km/s! E ~kJ/g!
Experiment RxMCa Experiment RxMC Experiment RxMC Experiment RxMC Experiment RxMC

14.47 14.47 0.5203 0.5215 3064.9 5.767 5.700 4.663 4.61
17.93 17.93 0.483 0.4868 3278.9 6.033 5.992 5.437 5.39
21.03 21.03 0.4627 0.4622 3488.2 6.337 6.255 6.087 6.13
25.47 25.47 0.437 0.4340 3819.1 6.715 6.619 7.157 7.22
28.47 28.47 0.4212 0.4180 4074.4 6.940 6.853 7.903 7.99

aPressure imposed in the constant-pressure version of the RxMC method.
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perimental measurements is found with typical differences
1–2 %. Plots of the species mole fractions along the Hu
niot curve are shown in Fig. 6. Values of the mole fractio
shown are interpolated from the data given in Table VI
THg

using a quadratic function. Since the mole fractions

N2 and O2 are equivalent, their mole fractions are plotted
‘‘products’’ in Fig. 6. It is evident from Fig. 6 that as th
pressure increases along the Hugoniot curve, the reac
equilibria shifts to an increasing amount of NO.

V. DISCUSSION

We have demonstrated the effectiveness of using the
active Monte Carlo simulation method for determining t
shock properties of materials. We found the RxMC calcu
tions to be in excellent agreement with the available exp
mental data for two simple systems. These demonstrat
have illustrated the utility of the method for predicting th
shock Hugoniot of mixtures for which species concentratio
are not known and in the absence of interaction potent
that simulate bond breakage and formation.

Subsequent to the validation of the method presente
this paper, there are several possible extensions of the cu

FIG. 4. The shock Hugoniot of liquid NO. The values calculat
from the RxMC simulations~s! model are compared with the ex
perimental data~m! @61#. The shock pressure is plotted vs the sp
cific volume.
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RxMC methodology. First, although the computations a
reasonably inexpensive, it may be possible to reformulate
method within other ensembles~e.g., constant pressure, co
stant enthalpy, and constant number of particles@NPH#!,
allowing the calculation of the Hugoniot curve to be carri
out more efficiently and conveniently@38#. Further, the
RxMC method has been recently combined with transit
state theory to allow for the calculation of reaction rates@44#.
Thus, extension of the method to reaction rate calculati
for materials under shock may also be possible.

A coordinated approach that links experimental, theor
cal, and RxMC efforts appears promising in furthering o
understanding of chemical reacting systems in highly n
ideal environments. The RxMC method can perform seve
different functions in such approaches. First, the RxM
method can play a critical role in assessing theoretical m
els used in thermochemical codes such asCHEETAH @13# and
CHEQ @12#. In these approaches, predictions using the mo
are usually obtained through approximate methods. Mole
lar simulation, on the other hand, provides an essenti
exact result~within statistical uncertainty! for the model be-
ing considered and thus provides a means of testing th

-

FIG. 5. The shock Hugoniot of liquid NO. The values calculat
from the RxMC simulations~s! model are compared with the ex
perimental data~m! @61#. The shock pressure is plotted vs the sho
wave velocity.
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approximations. Furthermore, the underlying model of
theory can be tested by comparisons of simulation result
experiment.

The RxMC method can also be a powerful tool in t
development of novel energetic materials. In lieu of the s
thesis of a candidate material and the measurement o
thermophysical properties, quantum mechanical informa
can be generated to provide the ideal-gas partition funct

FIG. 6. Species mole fractions@NO ~l!, either N2 or O2 ~n!#
along the Hugoniot curve, determined from the RxMC simulatio
of the NO decomposition reaction. Mole fractions plotted as ‘‘pro
ucts’’ represent the values for both N2 and O2 .
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required for the simulation, whileab initio calculations can
be used to parametrize the functions that describe the in
molecular interactions between the reactant and the spe
believed to exist in the product mixture. With these quan
ties in hand, the RxMC method can be used to predict sh
properties of the notional material, thus providing cruc
detonation performance information while avoiding cos
and time-consuming experimental measurements.

The RxMC method can also be used to study the react
of energetic materials in other nonideal environments, e
confined within polymer membranes, carbon nanotubes
other porous materials, or for naval applications near or
der water. Finally, the RxMC method can be applied to
study of the supercritical phase separation behavior
theory suggests occurs for some detonation products~see,
e.g., Refs.@5–7#!. Presently, this behavior has not been ve
fied by experimental measurements. As noted in Sec. I,
RxMC method can be used to simulate multiple phase s
tems. Application of the method to such systems may p
vide further insight into this phenomenon.
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APPENDIX

TABLE V. Constant-pressure reactive Monte Carlo simulations of shocked liquid N2 . ‘‘ ^ &’’ indicates ensemble averages determined fro
the simulation. Uncertainty in units of the last decimal digit is given in parentheses, 3.010~2! means 3.01060.002.

T
~K!

^P&
~GPa!

Mole fractiona

^V&
~cm3/g!

^Uconf&
~kJ/g!

H0b

~kJ/g!
Ec

~kJ/g!
Hg

d

~kJ/g!
De

~km/s!^x(N2)& ^x(N)&

Pimp52.96 GPa
475 3.010~2! 1.0000 0.0000 0.7532~8! 0.182~2! 0.1852 0.227 20.0732 3.059
500 3.008~1! 1.0000 0.0000 0.7572~7! 0.188~2! 0.2110 0.250 20.0429 3.071
525 3.008~2! 1.0000 0.0000 0.7606~9! 0.192~3! 0.2379 0.274 20.0138 3.082
550 3.008~2! 1.0000 0.0000 0.7646~9! 0.197~3! 0.2643 0.298 0.0165 3.094

Pimp54.74 GPa
850 4.795~3! 1.0000 0.0000 0.7047~6! 0.463~4! 0.5955 0.806 20.0433 3.693
900 4.795~3! 0.9998~1! 0.0002~1! 0.7090~8! 0.471~3! 0.6566 0.860 0.0210 3.708
950 4.790~3! 0.9997~1! 0.0003~1! 0.7132~6! 0.478~5! 0.7201 0.916 0.0879 3.721

Pimp510.0 GPa
1950 10.072~7! 1.0000 0.0000 0.6197~9! 1.249~7! 1.9407 2.611 20.0751 4.984
2000 10.081~4! 0.9998~1! 0.0002~1! 0.6210~6! 1.254~9! 2.0101 2.670 20.0115 4.992
2050 10.066~8! 0.9998~1! 0.0002~1! 0.6235~6! 1.260~9! 2.0749 2.726 0.0609 4.998

Pimp518.1 GPa
3850 18.195~2! 0.9997~1! 0.0003~1! 0.5549~7! 2.398~2! 4.4512 5.707 20.0806 6.380
3900 18.191~2! 0.9997~1! 0.0003~1! 0.5557~7! 2.401~1! 4.5179 5.761 20.0168 6.383
3950 18.189~2! 0.9997~1! 0.0003~1! 0.5569~8! 2.407~2! 4.5851 5.820 0.0533 6.388
5-8



2
5

4

5
3
3
1

MOLECULAR SIMULATION OF SHOCKED MATERIALS . . . PHYSICAL REVIEW E 66, 021105 ~2002!
TABLE V. ~Continued!.

T
~K!

^P&
~GPa!

Mole fractiona

^V&
~cm3/g!

^Uconf&
~kJ/g!

H0b

~kJ/g!
Ec

~kJ/g!
Hg

d

~kJ/g!
De

~km/s!^x(N2)& ^x(N)&

Pimp529.9 GPa
6700 30.023~2! 0.9930~1! 0.0070~1! 0.5001~8! 3.963~1! 8.5267 10.502 20.1103 7.890
6725 30.015~2! 0.9939~1! 0.0061~1! 0.5017~8! 3.960~2! 8.5392 10.503 20.0810 7.897
6750 30.008~3! 0.9936~1! 0.0064~1! 0.5024~7! 3.966~3! 8.5808 10.543 20.0274 7.900
6775 30.009~2! 0.9926~1! 0.0075~1! 0.5008~7! 3.954~2! 8.6431 10.586 20.0089 7.892
6800 30.002~2! 0.9923~1! 0.0077~1! 0.5010~7! 3.957~1! 8.6847 10.624 0.0271 7.895

Pimp536.0 GPa
7900 36.083~3! 0.9762~1! 0.0238~1! 0.4762~9! 4.666~2! 10.8830 13.204 20.1105 8.514
7950 36.121~3! 0.9753~1! 0.0247~1! 0.4765~6! 4.672~2! 10.9868 13.299 20.0252 8.520
7975 36.100~2! 0.9750~1! 0.0250~1! 0.4766~5! 4.668~2! 11.0363 13.338 0.0233 8.518
8000 36.143~2! 0.9744~1! 0.0256~1! 0.4766~5! 4.677~2! 11.0924 13.395 0.0644 8.523
8050 36.141~2! 0.9734~1! 0.0266~1! 0.4768~7! 4.675~2! 11.2008 13.486 0.1606 8.524
8475 36.120~3! 0.9648~1! 0.0352~1! 0.4796~11! 4.686~2! 12.1361 14.307 1.0393 8.537
8500 36.115~3! 0.9643~1! 0.0357~1! 0.4796~5! 4.682~2! 12.1932 14.352 1.0863 8.536
8550 36.119~3! 0.9632~1! 0.0368~1! 0.4800~8! 4.687~2! 12.3059 14.455 1.1950 8.539

Pimp547.0 GPa
9350 47.152~5! 0.9260~1! 0.0741~1! 0.4351~8! 5.809~3! 14.9046 17.939 20.5608 9.481
9450 47.182~2! 0.9221~2! 0.0779~2! 0.4352~6! 5.812~2! 15.2050 18.212 20.2958 9.485
9550 47.148~2! 0.9183~2! 0.0816~2! 0.4355~3! 5.805~2! 15.5024 18.473 20.0142 9.484
9575 47.130~2! 0.9179~1! 0.0821~1! 0.4355~3! 5.799~2! 15.5580 18.515 0.0353 9.482
9600 47.134~3! 0.9166~2! 0.0834~2! 0.4357~6! 5.804~2! 15.6475 18.602 0.1249 9.483

Pimp552.6 GPa
9500 52.740~4! 0.9101~2! 0.0899~2! 0.4160~6! 6.336~3! 15.7319 19.248 21.9974 9.911
9750 52.737~3! 0.9002~2! 0.0998~2! 0.4162~4! 6.325~2! 16.5027 19.934 21.3053 9.912
10 000 52.754~3! 0.8888~2! 0.1112~2! 0.4162~4! 6.314~3! 17.3362 20.683 20.5620 9.914
10 250 52.755~6! 0.8774~2! 0.1226~2! 0.4164~8! 6.304~4! 18.1791 21.441 0.2006 9.915

Pimp560.4 GPa
10 400 60.527~3! 0.8498~3! 0.1502~3! 0.3925~5! 6.989~2! 19.4771 23.379 21.7771 10.469
10 500 60.521~4! 0.8441~2! 0.1559~2! 0.3924~5! 6.979~2! 19.8615 23.724 21.4344 10.468
10 600 60.563~7! 0.8388~3! 0.1612~3! 0.3920~8! 6.969~4! 20.2337 24.057 21.1294 10.469
10 900 60.551~4! 0.8231~2! 0.1769~2! 0.3916~7! 6.939~2! 21.3514 25.056 20.1370 10.466
10 950 60.506~3! 0.8201~3! 0.1799~3! 0.3916~6! 6.928~4! 21.5531 25.231 0.0583 10.46
11 000 60.544~4! 0.8170~4! 0.1830~4! 0.03915~8! 6.929~2! 21.7593 25.424 0.2306 10.46

Pimp581.1 GPa
12 400 81.093~5! 0.6487~4! 0.3513~4! 0.3352~5! 8.275~4! 30.8436 35.438 20.7344 11.728
12 500 81.075~7! 0.6416~5! 0.3584~5! 0.3347~7! 8.253~3! 31.3115 35,854 20.3281 11.724
12 600 81.120~8! 0.6351~4! 0.3649~4! 0.3343~8! 8.240~4! 31.7590 36.259 0.0387 11.72

Pimp591.5 GPa
13 000 91.191~9! 0.5584~6! 0.4416~6! 0.3109~7! 8.775~5! 35.5438 40.461 21.3754 12.274
13 250 91.118~9! 0.5424~5! 0.4576~5! 0.3101~8! 8.725~4! 35.6715 41.464 20.3756 12.263
13 500 91.092~11! 0.5267~7! 0.4733~7! 0.3092~8! 8.671~6! 37.7904 42.454 0.5857 12.25
15 500 90.482~12! 0.4170~6! 0.5830~6! 0.3045~11! 8.242~3! 46.2912 49.933 8.1337 12.18
16 000 90.418~14! 0.3917~6! 0.6083~6! 0.3036~12! 8.147~4! 48.3805 51.779 9.9691 12.17
16 500 90.064~18! 0.3599~8! 0.6401~8! 0.3022~17! 7.991~4! 50.7644 53.858 12.1530 12.14

aMole fraction ofN2, sox(N2)5NN2
/Ntotal andx(N)5

1
2 NN/Ntotal, whereNtotal53375.

bFrom Eq.~11!.
cFrom Eq.~14!.
dFrom Eq.~8!.
eFrom Eq.~7!.
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JOHN K. BRENNAN AND BETSY M. RICE PHYSICAL REVIEW E66, 021105 ~2002!
TABLE VI. Constant-pressure reactive Monte Carlo simulations of shocked liquid NO.

T
~K!

^P&
~GPa!

Mole fractiona

^V&
~cm3/g!

^Uconf&
~kJ/g!

H0b

~kJ/g!
Ec

~kJ/g!
Hg

d

~kJ/g!
De

~km/s!^x(N2)& ^x(O2)& ^x(NO)&

Pimp514.47 GPa
2250 14.483~1! 0.4791~1! 0.4791~1! 0.0419~1! 0.5077~5! 1.673~1! 2.3550 3.404 21.310 5.560
2500 14.473~2! 0.4649~2! 0.4649~2! 0.0702~2! 0.5123~9! 1.688~2! 2.7543 3.750 20.9286 5.604
2750 14.487~2! 0.4468~2! 0.4468~2! 0.1064~2! 0.5164~9! 1.705~1! 3.1788 4.122 20.5282 5.649
3000 14.476~1! 0.4257~4! 0.4257~4! 0.1486~4! 0.5206~7! 1.718~1! 3.6234 4.510 20.1068 5.690
3250 14.476~2! 0.4026~4! 0.4026~4! 0.1949~4! 0.5241~7! 1.729~1! 4.0819 4.910 0.3198 5.728

Pimp517.93 GPa
2500 17.934~1! 0.4572~2! 0.4572~2! 0.0856~2! 0.4783~6! 2.042~1! 2.8008 4.150 21.323 5.909
2750 17.965~2! 0.4366~2! 0.4366~2! 0.1268~2! 0.4812~9! 2.061~2! 3.2400 4.539 20.9127 5.941
3000 17.921~1! 0.4135~4! 0.4135~4! 0.1730~4! 0.4842~7! 2.069~2! 3.6966 4.934 20.4825 5.964
3250 17.927~2! 0.3885~4! 0.3885~4! 0.2229~4! 0.4866~7! 2.080~2! 4.1657 5.345 20.0506 5.988
3275 17.946~2! 0.3859~6! 0.3859~6! 0.2283~6! 0.4868~7! 2.083~2! 4.2133 5.389 20.0077 5.992
3300 17.944~3! 0.3833~4! 0.3833~4! 0.2333~4! 0.4870~9! 2.085~2! 4.2608 5.431 0.0369 5.995

Pimp521.03 GPa
2700 21.036~2! 0.4314~4! 0.4314~4! 0.1372~4! 0.4565~5! 2.363~3! 3.2080 4.823 21.369 6.200
2900 21.031~1! 0.4119~3! 0.4119~3! 0.1763~3! 0.4580~7! 2.370~2! 3.5790 5.146 21.029 6.213
3100 21.035~2! 0.3911~5! 0.3911~5! 0.2178~5! 0.4596~7! 2.380~1! 3.9582 5.480 20.6785 6.229
3300 21.054~3! 0.3697~5! 0.3697~5! 0.2606~5! 0.4609~9! 2.391~2! 4.3422 5.819 20.3287 6.244
3400 21.061~1! 0.3592~4! 0.3592~4! 0.2815~4! 0.4614~8! 2.395~2! 4.5332 5.986 20.1565 6.250
3500 21.031~2! 0.3489~5! 0.3489~5! 0.3021~5! 0.4623~5! 2.395~2! 4.7230 6.148 0.0207 6.254

Pimp525.47 GPa
3000 25.487~2! 0.3830~8! 0.3830~8! 0.2339~8! 0.4301~14! 2.800~3! 3.8790 5.848 21.430 6.584
3250 25.478~2! 0.3551~9! 0.3551~9! 0.2898~9! 0.4312~8! 2.809~2! 4.3654 6.274 20.9874 6.593
3500 25.508~3! 0.3277~9! 0.3277~9! 0.3445~9! 0.4325~6! 2.826~2! 4.8494 6.706 20.5450 6.608
3750 25.467~2! 0.3024~5! 0.3024~5! 0.3952~5! 0.4336~9! 2.828~3! 5.3212 7.110 20.1177 6.613
4000 25.488~3! 0.2785~8! 0.2785~8! 0.4429~8! 0.4349~7! 2.843~2! 5.7857 7.520 0.3045 6.628

Pimp528.47 GPa
3200 28.455~3! 0.3468~4! 0.3468~4! 0.3065~4! 0.4149~4! 3.080~2! 4.3514 6.545 21.488 6.821
3400 28.477~2! 0.3241~7! 0.3241~7! 0.3518~7! 0.4155~7! 3.091~2! 4.7425 6.892 21.136 6.829
3600 28.475~2! 0.3029~5! 0.3029~5! 0.3943~5! 0.4163~5! 3.101~2! 5.1259 7.229 20.7869 6.836
3800 28.445~4! 0.2831~6! 0.2831~6! 0.4337~6! 0.4172~8! 3.107~3! 5.5004 7.555 20.4434 6.840
4000 28.497~3! 0.2647~8! 0.2647~8! 0.4705~8! 0.4175~7! 3.116~2! 5.8672 7.875 20.1271 6.850
4200 28.492~5! 0.2478~8! 0.2478~8! 0.5044~8! 0.4186~9! 3.127~3! 6.2255 8.189 0.2025 6.859

aMole fraction of speciesi, x( i )5Ni /Ntotal , whereN is the number of particles,Ntotal53375.
bFrom Eq.~11!.
cFrom Eq.~14!.
dFrom Eq.~8!.
eFrom Eq.~7!.
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